Velocity/Position Integration Formula (I): Application to In-flight Coarse Alignment 2 roughly known initial attitude, otherwise they cannot guarantee a rapid and accurate alignment result [1] [2] [3] [4] [5] . If the SINS is stationary or quasi-stationary, analytic methods are often used to derive a coarse attitude from gyroscope/accelerometer measurements [1, 3, 6] . The heading angle is more difficult to determine than the two level angles and for a consumer grade SINS, is usually aided by a magnetic compass. The in-motion or in-flight alignment is necessary for many military applications and commercial aviations [7] . In such cases, the SINS is in motion, e.g., onboard a ship or aircraft, the direction of velocity/trajectory from an aided source, such as GPS, can provide a rough pitch and heading angles during a straight course. This information is generally not good enough to perform a reliable fine alignment due to the water current and air speed [3] , let alone the SINS misaligning angles relative to the carrier.
makes the alignment problem statement. Section III devises the velocity/position integration formulae and the recursive discrete algorithms respectively based on the two integration formulae are designed in Section IV.
Simulations and real flight test results are reported in Section V and Section VI. Finally, conclusions are drawn in Section VII. The contribution of this paper, along with [10, 15] , is proposing a systematic approach to solve the SINS alignment in motion using absolute velocity/position sensors.
II. PROBLEM STATEMENT Denote by N the local level navigation frame, by B the SINS body frame, by I the inertially non-rotating frame, by E the Earth frame. The navigation (attitude, velocity and position) rate equations in the N-frame are respectively known as [1, 3, 17] C while in motion.
III. VELOCITY/POSITION INTEGRATION FORMULAE

A. Attitude Integration Formula
Equation (1) shows that the attitude matrix C , we separately consider the attitude changes of the body frame and the navigation frame relative to some chosen inertial frame and then combine them together [10] . Specifically, by the chain rule of the attitude matrix, C and is thus referred to as the attitude integration formula [10] .
Its incremental version over one update interval is not unfamiliar in the previous literature, see e.g., [18] .
B. Velocity Integration Formula
The velocity integration formula can be achieved by basic integration transformations. Substituting (4) into (2)
Multiplying 0 n n t C on both sides,
or equivalently,
Equation (8) forms the basis for the optimization approach [10] , which could be readily applied to the in-flight alignment problem discussed in this paper if the velocity rate n v was well provided in addition to velocity and position information.
Integrating (7) on both sides over the time interval of interest,
The left term is developed as
where the attitude rate equation (5) 
Equation (11) is an integration function of the initial attitude matrix 0 n b C for any t and the two vectors, v Į and v ȕ , are evidently defined. It can be shown that (11) is the integral form of the velocity rate equation in the inertial frame mechanism (p. 28, [1] ) that was directly used by [14] 
C
can be uniquely determined [11] . This condition is easily fulfilled in practice and readers are referred to [10] for more analysis.
C. Position Integration Formula
In the context of a specific local level frame choice, e.g., North-Up-East,
, the local curvature matrix is explicitly expressed as a function of current position 1 0 0 cos
where 
By the same techniques as in (9)
Integrating ( 
Organizing the terms yield the position integration formula as 
Dividing the nonzero time length on both sides, Remark: Equation (22) is not simply an integration of (11) in that it has a simplified form that does not need the aided velocity as an input. Substituting (18) into (22) 
which have two velocity-related terms, namely, the double integral 
IV. RECURSIVE IN-FLIGHT ALGORITHMS
In this section, we will design delicate numerical algorithms so as to accurately calculate the integrals involved in (11) and (20) and then solve the alignment problem using attitude optimization [10] . Suppose the current time is M, an integer, times of the updated interval, i.e., t MT , where T is the time duration of the update interval
A. Calculating Integrals in Velocity Integration Formula
The last integral in (11) can be written as
Because n in Ȧ is usually slowly changing, we approximate the attitude matrix by 
where the quantities n in Ȧ and n g can be approximately regarded as constants during the incremental interval and take the values at the lower integral limit k t .
Suppose the velocity
The first integral on the right side of (11) is approximated by 
where the quantities n ie Ȧ is also regarded as constants during the interval of interest.
Substituting (25) and (27) into the right side of (11),
The vector v Į in (11) can be approximated as
where the incremental integral above can be approximated using the two-sample correction by (see Appendix A) Ȧ is fast changing and has to be handled by special treatment as such. The technique is a common practice in the inertial navigation community [1, 3, 17] .
B. Calculating Integrals in Position Integration Formula
Next, we will handle the integrals involved in the position integration formula. With (25), the second double integral on the right side of (20) can be approximated by 
Similarly with (26)-(27), the first double integral on the right side of (20) can be approximated by
Assume linearly changing 
Substituting (31)-(33) into the right side of (20) 
The left side of (20) is approximated by 
where the first integral has been given as in (29)-(30) and the second integral is approximated using the two-sample correction by (see Appendix B for details) 
C. In-flight Alignment Algorithms Derived from Velocity/ Position Integration Formulae
Two in-flight alignment algorithms are now constructed respectively based on the velocity integration formula (11) or the position integration formula (20). Ignoring the subscripts that indicates velocity or position, the alignment is to solve the initial attitude matrix from 0 1 , 2 , . . .
where ȕ , given as (28) or (34), is a known time-varying vector as a function of the aided velocity and position, and Į , given as (29) or (35), is a known time-varying vector as a function of gyroscope and accelerometer measurements.
As shown in [10] , (37) can be solved by the optimization-based method using the unit attitude quaternion parameter.
It should be highlighted that (11) or (20) is an integral equation at any time, in contrast to the differential equation in (6) in [10] . This spares the calculation of the derivative of the velocity that is necessitated if (6) in [10] was otherwise used, and the integrals involved can also significantly depress the noise in the aided velocity/position measurements. 
Define the quaternion multiplication matrices by
Then (37) is equivalent to
, and the determination of the attitude quaternion can be posed as a constrained optimization [10] min TKq , subject to 1
where the 4 4 u real symmetric matrix
It can be proved that the optimal quaternion is exactly the normalized eigenvector of K belonging to the smallest eigenvalue [10, 11] .
For more clarity, the in-flight algorithm derived from the velocity integration formula (IFA-VIF) is listed in Table   I and the in-flight algorithm derived from the position integration formula (IFA-PIF) is listed in Table II .
V. SIMULATION RESULTS
This section is devoted to numerically examine the in-flight algorithms proposed in this paper. We carried out We first carry out the ideal case with perfect sensors, i.e., no SINS/GPS measurement errors and no GPS lever arm.
As shown in Fig. 3 , both IFA-VIF and IFA-PIF produce the correct attitude angles with negligible errors, which validates the correctness of the above analysis and the implemented algorithms. Next we evaluate the two algorithms by implementing 100 Monte Carlo runs. Figure 4 The SINS/GPS integrated navigation result is used as the reference data to compare with, in which the GPS antenna's lever arm has been estimated and eliminated to great extent [19] . The SINS/GPS flight trajectory is shown in Fig. 8, overlapped by three chosen 100-seconds test segments with large maneuvers: the ascending segment (S1), the turning segment (S2) and the descending segment (S3).
The GPS raw measurements (2 Hz) were linearly interpolated to obtain the velocity and position at both ends of the update interval 0.02 T s . The velocity profile for the test segment S1 is plotted in Fig. 9 . Table III for three test segments.
To order to examine the lever arm effect, the in-flight alignment using the INS/GPS reference velocity and position was carried out. Figure 15 -16 plot the obtained yaw errors, by IFA-VIF and IFA-PIF, respectively, for three test segments against those using GPS raw measurements. The attitude error summary is also listed in Table III for comparison. With the lever arm eliminated, the IFA-VIF heading error is less than 1 degree in 10s, less than 0.3 degree in 20s, and the IFA-VIF level angle errors are less than 0.1 degree in 10 seconds, while the IFA-PIF heading error is less than 5 degree in 10s, less than 2 degree in 20s, and the IFA-PIF level angle errors are less than 0.25 degree in 10 seconds. It shows that the IFA-VIF performs better than IFA-PIF in this flight test.
The remarkable improvement (over ten times for IFA-VIF) tells us that the lever arm effect should be seriously considered or avoided for the in-flight alignment. It can be minimized by placing the GPS antenna as close to the SINS as possible, or avoiding quick turns during alignment. Note that the lever arm, even known precisely in practice, could not be easily compensated because it inversely needs the knowledge of the attitude that we are trying to solve.
VII. CONCLUSIONS
A good attitude initialization is very important for rapid and accurate SINS fine alignment. It is generally a difficult problem to acquire a rough initial angle when the carrier is moving or maneuvering. This paper proposes an optimization-based in-flight coarse alignment approach based on the velocity/position integration formulae that are derived from the traditional navigation rate equation by integration manipulations. The integrals involved are delicately handled so as to reduce the calculation errors caused by maneuvers as much as possible and two recursive alignment algorithms are designed. Simulations and flight test data are used to evaluate the two alignment algorithms.
The results show that, with the GPS lever arm well handled, the SINS heading can be potentially aligned up to one degree accuracy in ten seconds. The algorithms proposed in this paper could be useful to many applications that require aligning the INS on the run. In the future work, we will test the algorithms further on low quality SINS and try to handle the sensor bias using the proposed optimization approach. 
